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Abstract The obstruction for a perturbative reconstruction of the five- dimensional bulk 
metric starting from the four- dimensional metric at the boundary, that is, the Dirichlet 
problem, is computed in dimensions 6 < d < 10 and some comments are made on its 
general structure and, in particular, on its relationship with the conformal anomaly, 

which we compute in dimension d = 8. 
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1 Introduction 



One of the more interesting problems in the celebrated AdS/CFT correspondence conjec- 
tured by Maldacena ([ID]) in the language introduced by Witten ([IS]; cf. also the reviews 
[J] !!! i s the decoding of the hologram . In the minimal gravitational setting this 

amounts to recover the metric in the bulk space from the metric at the boundary (which 
is what mathematicians call a Dirichlet problem). 

To be specific, in the framework of the geometric approach to holography in its Poincare 
form (that is, when the d-dimensional manifold Md is represented as Penrose's conformal 
infinity of another manifold Bd+i with one extra holographic dimension), there is a priv- 
ileged system of coordinates such that the boundary dBd+\ ~ Md is located at the value 
p = of the holographic coordinate, namely 

ds 2 = g {B) uv dx^d v = ll^L + lhij(x, p)dx i dx j (1) 
^ Ap z p 

(The normalization corresponds to a cosmological constant A = ^j-R = when 
hij = rjij). It has been already mentioned that the boundary condition is of the Dirichlet 
type, i.e. 

hij(x, p = 0) = gij(x) (2) 

where gij is an appropiate metric on Md. 

In the basic mathematical work by Fefferman and Graham (FG) (jOJ) , it is proved that 
there is a formal power series solution to Einstein's equations with a cosmological constant 
as above. This power series gives, in principle, a complete solution to the Dirichlet problem, 
at least in the vicinity of the boundary. When d G TL there is, however, an obstruction, 
which in four dimensions is the Bach tensor and in higher dimensions is a new tensor, 
whose specific form is unknown, which will be called in the sequel the FG tensor, Zfj, with 
conformal weight (d — 2)/2. When this tensor does not vanish, there are logarithmic terms 
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which appear in the expansion starting at the order p d l 2 

h* = 9a + h^ P + ... + hf'^p^ + fcjfY/> logP + • • • (3) 

Even the term h^J 2 ^ is not completely determined; as shown in 7|, Einstein's equations 
only give its trace as well as its covariant derivative. On the other hand, the coefficient of 
the logarithmic term is given in terms of the local anomaly by (cf. [7]). 

hi' 2 = - . 4 _- „ / dx d a d (4) 



dy/g6g*> „ 

i.e., it is the energy momentum tensor of the integrated anomaly. 

The object of the present paper is to analyze this problem in detail, using in particular 
some codimension two techniques, also due to FG originally. We shall find general expres- 
sions for the obstructions, recursive relationships between them, and explicit formulas for 
the eight dimensional conformal anomaly. 

2 Einstein's equations for Bj+i and A ^ 

Einstein's equations 2 corresponding to a cosmological constant A = : read 

Which reduce in the FG coordinates to: 

p (2h" - 2h'h- 1 h' + tr[hr x ti\ti).. + l 2 R[h]ij - (d - 2)^ - tr^h'}^ = (6) 

(h-Ti^h'u ~ Vf ] /4) = (7) 
trlh^h"} - hr[h- 1 h , h- 1 h'] = (8) 

We shall consistently denote by = hij(p = 0) the (Penrose) boundary metric and from 

now on latin indices will be raised and lowered using this metric 3 . Equations (jOJ) and (jHJ 

2 We use the conventions R» af} = 20 [a r£ ]v + 2T» [( T% ]u and R„ v = R% au . 
3 We shall denote by M n) = g lj h\f. 



(the ones needed for our purposes) can now be expanded in a formal power series of which 
we give the first two orders. 
Order p°. 

• (d-2)h^ ij +h^g ij -l 3 R\g] ij = (9) 
. 2h® - kl h V kl = (10) 



Order p 1 . 



2(d - 4)/*% + ( 2 /i< 2 > - hW M hU kl ) 9ij + 2hW i m hU j 
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. e^ + ^^w^V^V'^o (12) 

Explicit expressions up to order p 4 can be found in the Appendix iBl 

3 The Dirichlet obstruction in d=4 and d=6 

Equations © and (|TU|) give ft£ and /i (2 ) 

= T~~o f^i - ^iW) = ^ (13) 



d-2 V 2(d- 1) 

" ,2) - l» mt ' h » - m^w i Rk ' Ra + w^r R2 ) = (15) 

If we now remember the definition of the Bach tensor (using the conventions in [2]) 

B ij = 2V k V [k A i]j + A kl W m (16) 
(where Wij k i is the Weyl tensor), and use it in equation (fTTj). we get 

(d-4){4h$-h<»hf'> m ) + l'B ij = (17) 
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conveying the fact that, in d = 4, if S^- 7^ the expansion is inconsistent. ?????Note that, 
had we introduced the logarithmic term, a new coefficient in the expansion of the metric 
comes into play and we get a chance to make Einstein's equations vanish up to second 
order, as FG claim. 

On the other hand, if the Bach tensor vanishes, the only further information of 
given up to this order is the value of its covariant derivative, which can be obtained from 
equation (jJJ). 

It is interesting to point out that there is a very simple relationship between the Bach 
tensor and the four-dimensional anomaly. 

The vanishing of the Bach tensor JTj is the equation of motion corresponding to the 
lagrangian: 

L = h = ^VgW a ^ s W a ^ s 

= ^^(R a ^ 5 R aPlS - 2R a ^R a(3 + l -R 2 ) (18) 

But precisely the anomaly (modulo local counterterms) for conformal invariant matter ([Sj) 
is given by a combination of the Euler characteristic density, E4 plus this conformal invari- 
ant lagrangian, J 4 . In four dimensions the Euler characteristic density, is given explicitly 
by 

E4 = —e abcd Rabfj,isRcd P cr^ upa = -^(R a/3lS R a /3~fS — 4:R a/3 ' R a (B + R 2 ) (19) 

and is a topological invariant, that is, independent of the metric. The vanishing of the 
Bach tensor is then the condition for the integrated anomaly to be topological, that is, 
independent of the metric, which according to the previous equation (J3J) is the condition 
for 

h% 2 = (20) 

in which case there is no obstruction for a perturbative solution to the Dirichlet problem. 
The fact that 

z\f ~ hi! 2 (21) 
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gives (using (J1J) the FG tensor as the variational derivative of the conformal anomaly with 
respect to the background metric. Although both quantities are unknown in the general 
case, this is a useful constraint. 

As an example, we shall begin with the six dimensional case. As in d = 4, the obstruc- 
tion comes out taking the limit d — > 6 in the left hand side of the first equation in (|47|h 
that is: 

H%j = ~(—B k iA k + A^A m A™)gij — B™A^ m + — ABij — ~AAi m A™ 

+ l Vk \\ DBijk j + 2Al{tCj) H ~ 3A i DA v l + 

+^A kl V i V j A kl - ^ViDAi/ + ^S/iA lk C lk (22) 

where Cij k = 2V[iA^ k is the Cotton tensor. Then, according to our previous reasoning, 
this obstruction should coincide with the metric variation of the anomaly. 

To apply a first check to this idea, let us recall the expression for the six- dimensional 
holographic anomaly that has been proposed in (|8J: 

A ~ l-RRVRij - J-i? 3 - R ij R kl R ikl i + \R %3 W l W j R - X -R i3 ^R l3 + ^R^R (23) 
2 50 5 2 20 

which can also be written as: 

A ~ A ij {Bij + 2A ik A k - 3AA, tj + A 2 g l3 ) (24) 
We are interested in the metric variation, that is, 

(25) 

yielding: 

Hij = -~B kl A kl9ij + l -AB l3 + 3A k{l B k } - A s {i A kl W j)kls + 2(A kl A - A ks A l s )W kijl 
+A kl A kl A l3 + 5AA lk A k - QA kl A k A) - (A kl A kl A - A k A ls A kl ) 9lJ + ^V k DB t k 
+V 2 (AA lJ - A$A j8 ) - VkV^Aij - 44)) - ^W^ 3 {A kl A kl + A 2 ) 
-V k (A{ t C j)lk + A\ t C m + A kl C m ) + V (l A kl C j)kl + 2V {ll (A kl V k A w ) (26) 
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As a matter of fact, the obstruction given by (|22jl . can be manipulated in order to 
prove, after some calculation, that both tensors —AH and H are identical. 

4 A general codimension-two approach 

In order to work out higher dimensions, it proves useful to put at work the codimension 
two approach of , reviewed in j2j). In this approach, the conformal invariants of the 
manifold M n are obtained from diffeomorphism invariants of the so-called ambient space, 
A n+2 with two extra dimensions, one spacelike and the other timelike (cf. the analysis of 
diffeomorphisms that reduce to Weyl transformations on the boundary (PBH) in [3 ). 

If the ambient space is to have lorentzian signature, then the boundary is neccessarily 
euclidean. Then, of the two extra {holographic) coordinates, one is timelike, and the other, 
spacelike. They will be denoted by (t, p), respectively. 

In the references just cited it is proven that one can choose coordinates in such a way 
that the ambient metric reads 

t 2 

ds 2 = g { ~ A \ v dx tl dx u = —h^x, p)dx l dx j + pdt 2 + tdtdp (27) 
A power expansion in the variable p can now be performed: 

oo 
a=l 

(gij is the boundary metric tensor, and it is assumed that the dimension of this space is 
even) . 

The ambient space has to be Ricci-flat (this is a necessary ingredient of the FG con- 
struction, which also guarantees that it is an admissible string background). This means 
that 

(A) 

K ij = P (2h" - 2h'h- l ti + trlh^h']^).. + l 2 R[h) i:j -{d- 2)h' {j - tr^ti}^ = (29) 
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which is identical to the equation as has been proved in detail in 0. It is remarkable 
that the Ricci flatness condition in A n+2 is indeed equivalent to Einstein's equations with 
an appropiate cosmological constant in the associated bulk space, B n+ i. 

Those equations are written for arbitrary dimension, but it is clear just by looking 
at the equivalent form ©, etc., that for any even dimension (d = 2n) the equations are 
inconsistent unless the tensor that is not multipled by (d— 2n) vanishes, so that it is natural 
to call that tensor the obstruction. Let us insist that even when the obstruction vanishes 
there is an indetermination in the expansion from on. 

We turn our attention now to tensors defined in the ambient space. For instance, the 
non vanishing components of the Riemann tensor are 



/2 i^RijkniJl) j2 [ hik3phj n -\- hi n 3phjk hj n 9 'phf~i -\- hjk3phi n ] 

(30) 



+Pj2-[dphikdphj n — dph in dphjk\) 

(h) (h) 

7 ~ik) 



Ti-pijk — (2 2 (Vfe Ophij Vj Oph 



q~> H 1 ( r) r) h Lh kl f) h r) h 

l^-pipj 12 2 \ P P ij 2 Upl LkjUpl Li 

If we take the p — > limit we obtain 



E - --^(2h^--- IhW-uhW h 

- lL pipJ o/ 2 \ % 3 2 l " : 3 



L pip3 2l 2 

Rijkl = —\2Wijkl (31) 



^ijkp 2 ^ijk 

where W and C are the Weyl and Cotton tensors 
If d 7^ 4, we can define Z^ij as 

t 2 l 2 



R,n P j- 2 d-A (32) 



and using the equation (fTTj) for h^ 2 \j we establish that 

Z^\, = ^(/ i « fe ^«%-4/ i W^ 1 )/ + 2V fe V (i AW j0 fe -VV 1 ) 



-V<V/)-(d-4)/iVV) = -\Bn (33) 



where is the Bach tensor (in any dimension). Then Z^\j is precisely what we have 
called obstruction in d = 4. 

The four-dimensional obstruction has then been obtained afresh in a natural geomet- 
ric way from the ambient Riemann tensor. A natural question is whether this could be 
generalized to higher dimensions. 

Let us consider a component of the ambient tensor 

V Q1 . . . Va n K X ^a (34) 
with n indices fixed: a± = . . . = a n = p, and take the p — > limit. This leads to: 

/n \«d _ _£ 7 2n+2 Z^^\j 
\ V P) ^VflJ ~ 2 1 d-(4+2n) 

(V p )»i2y„ = -t 2 Z 2 ™" 2 W^ m ( 35 ) 

where W (4+2n) and £( 4 + 2n ) are generalizations of the Weyl (W = >V {4) ) and Cotton (C = 
tensors. 

Performing the same calculation as before for n = 1, . . ., we obtain the obstructions for 
higher dimensions ( the results are presented in the appendix [CJ) . These tensors yield the 
Dirichlet obstruction in the corresponding dimension. 

From the general expression (J33|) we obtain the relationship 

(V P ) n+1 ^ PW | p=0 = d p (V p rn ptpj \ p=0 - 2T k p{tl (V p rn plj)pk \ p=o (36) 

(where T pi = ^h kl d p hu is a Christoffel symbol of the ambient metric) which relates Z^> 
to Z^ 2 \ suggesting a recurrent computation. Unfortunately this is not straightforward 
because we need to know the general tensor V p . . . V p Ti\ pua not only in the p — > limit, 
but also for general p. Nevertheless, using the fact that Z^ is traceless, it can be shown 
inductively from ()36|) that Z^ +2n ^ is traceless as well. Moreover, as 

v p n) n pp = d p ^n pp = o (37) 



we see that the property of Z^ 4+2ra ^ being tracefree is equivalent (in the p — > limit) to the 
trace equations for /^( n+2 ) given by the equation (JHJ). 

4.1 The Bianchi identities 

Let us now study the Bianchi identity in the ambient space A n+2 

V^A]«rr = (38) 

If we contract, for instance, \x and r, and remember that the ambient space is Ricci-flat, 
it reduces to 

V M ^„ A(T = V x K av - V a TZ Xu = (39) 

In the particular case u = i, X = p, a = j, one gets close to the boundary (using (JHH)) the 
identity 

By = V k C kij + A kl W kl]l (40) 

which is the Bach tensor (i.e. Z^) in terms of A, C, and W. 

We can go further and assume that this is a general feature, that is, the obstruction 
could be expressed in terms of the generalization of the Weyl and Cotton tensors. 

Starting from the identity 

V,V M ft% = (41) 

we can perform a calculation along similar lines. The result however is more complicated 
than expected: 

Z^ l3 = \ [V k C^ kl3 + A kl W^ m - \A kl V k C h3 - \A kl A k s W U]S - ^A t s B JS 

Ik 

+ dZ4-ABij + \Cu k C lk 3 + \Ci k iC 3 — \~d^iB kl W k iji\ 

5 The d = 8 Holographic Anomaly 

As a by-product of this computation, the holographic anomaly in d — 8 can be evaluated. 
This anomaly, when integrated, would give rise to upon metric variation. It should 
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correspond to the anomaly of a conformal invariant quantum field theory and, as such, 
expressible in terms of the Euler characteristic E 8 and a basis of conformal invariants, W§. 
We are not aware, however, of any existing explicit construction of such a basis, so that we 
express our result in terms of Riemann tensors, their derivatives, and contracions thereof. 
This yields: 



— — s — R^RtiR^Rki — _ — R 2 R J ' Ra -\- R^ H — —RkniR^R^R^n 

32 \ 54 3 756 3 18522 27 3 p 

--RR m K* l Ri - -R kpql R™R kl R t3 - ^^V 2 i? - 

+ ^LrrvV 2 R 13 + ^-R^R^R - ^-RVR^ViVjRu + ^ R kl V k V ^ 
216 126 27 27 

+^R il R j l V i V j R+ ^R ij R kl V 2 R kijl - ^R 3 R kl] N k V R + ^R 3 R kl]i V 2 R kl 
1 -RV k RV k R + ^-RV k R 3 V k R' + tt^W 2 /? + -^-R i ^ 2 V i V j R 



5292 216 3 1008 168 

1 o o „ 1 „ 1 „ l* „ 1 „ ^ k [ 



-R ij V 2 V 2 R tJ - —R^ l RW ] R+—R 3 y i R jk V k R+—R 3 V l R kl V J R k 
! 882 189 54 

+^R i 'V k R il V l R k j - ^ViR^R 1 , + ^R> V p R kl3l V p R kl + ^V 2 RV 2 R 

After this work was completed, we found a previous proposal for a® in the context 
of the AdS/CFT correspondence (jTXj), although from a slightly different approach. It 
is worth noting that, by construction, this expression depends only on the coefficients h n 
which in turn are given in terms of h 1 (due to the recurrence relation stemming from 
the equations of motion). Then, as has been already remarked in (113)1 . the holographic 
anomaly vanishes in a Ricci-flat background, and this is a general property of the conformal 
anomaly at any dimension obtained by the holographic setup. 
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6 Conclusions 



The higher dimensional (6 < d < 10) Dirichlet obstruction have been computed in 
several ways, which we believe are equivalent. 

The use of the so called ambient space, with a codimension two associated space-time has 
proved very fruitful both in computing the obstructions themselves as well as in uncovering 
unexpected relationships between the obstructions in different dimensions. 

We have also analyzed the relationship of the generic obstruction to the generic con- 
formal anomaly ( for conformally invariant matter), along the lines of although here 
clearly we have only scratched the surface of a deep problem, which deserves further study. 

The full expression of the eight dimensional holographic anomaly has been derived in 
terms of geometrical quantities . It would be most interesting to check ([O]) the expressions 
of the holographic anomaly in dimensions six and eight. This would imply, in particular, 
to verify that the total coefficient of all independent Riemann contractions vanishes, due 
to the basic property of the holographic anomaly that it is zero for Einstein spaces. 
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A Bach-flat spaces 

An interesting question is the characterization of those spaces for which there is no ob- 
struction. In d = 4 dimensions, this is equivalent to find Bach-flat spaces. It is known 
(cf.[9j) that all conformally Einstein spaces are in this class, but there are other solutions 
besides those (cf. [E]), and a complete characterization is not known to us. 
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The non-asymptotically flat solutions found by Schmidt are a generalization of well- 
known Kasner solutions, with metric 

3 

ds 2 = dt 2 a i dx i ( 44 ) 

i=i 

with Hubble parameters hi = a~ 1 ddi/dt, h = E/t, and anisotropy parameters m« = hi — h/3 
If we denote r = [h\ + h\h% + h^) 1 ^ 2 and p = h±/r, them the vanishing of Bach's tensor is 
equivalent to: 

3d 2 (pr)/dt 2 = 8pr 3 + 4c, c = const., p 2 < 4/3 , (45) 

%dp/dtfr A = [2rd 2 r/dt 2 - (dr/dt) 2 - 4r 4 ] (4r 2 - 3pV) . (46) 

Each solution of this system of equations with dp/dt ^ represents a non asymptotically 
flat metric enjoying vanishing Bach tensor. 



B Higher order equations of motion 

In this appendix can be found the equations of motion (jUJ) and (JBJ), from order p 2 to order 
p 4 . RS n \j corresponds to the power expansion of the Ricci tensor and we employ 

the notation Dh^ ab c = V a /i (n V + V 6 /i (n) a c - V c /i (n) afe . 
Order p 2 

. 3(d - 6)hl% + (3h® - 3hW kl hW M + ^ + 8/i« V ( V 

^h^uh^h^ - hWh^ - l 2 R^ i3 = (47) 

_^«>M^(^/M = o (48) 

Order p 3 

. 4(d - 8)M\ + (4/iW - #V)„ - + 4/ i ( 2 ) w / i W fcn / i «' n 

-h<%hM\i\ m hF> m l ) 9ij - 2h®h% + mV 1 / + (-2/> (2) 
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V> H ) h% + 8hW ik hW; - 8hW l{i hU j)k hM Kl - 2h^h^ lk h^ 3l 
+2h^ lk hV ll hV kn hV n l -?R^\ 1 =0 



\kl. 



(49) 



20/^ - leh^hPu - UhW kl hW kl + 13h® i j hW k hW k i + \2h^\ 3 h^\h^\ 



kl 



kl T i-Olb' jib* k l 
k , (i \ I , n \m 



(50) 



Order p 4 



5(d - 10)/i% + (s/^ - 5fc< 4 >V>« - SZ^V^ + 5Zi< 3 > V>* B /i (1) i» 
+5/i< 2 > VW'in -5hW kl hU k WK m hW ml + h {1)k \ {1 \ n h {1 \ m h {1) Jh {1 \^j 9lj 
-3h^h% + 16h^h% k + (-4/^ + 2/iW V>„) fc< 3 >« + 24h^ k(l h^ 3) k 
-Uh^h^h^ - 2*( 3 > V>*/i« + (-3/^ + 3hM kl hM kl 
-hM kn hW l n hM kl ) h% - 8/>( 2 U(V (1)H - Sh^ M h^ H ^ 3)l 
+^ kn h^ l n h^ k ^ 3)l + 4Zi< 2 > V^a^i - 2/^^)' m / i ( 1 ) mre / i «^« 7 
-Z 2 i2 (4) - = (51) 



• 30/i (6) + . . . = 

The corresponding coefficients of the R[h] expansion are 

R i2 \, = \ [V fc (l^V - h^ k lD h {l \l) - V, (v^ 2 ) - h^Dh^) 
+\ (DhVjDh^ 1 -Dh^Dh^) 

R {3 \ 3 = \ [V fc (i%<V - hS 1)k iDhS 2) i3 l - [h?>\ - h^ km h^ lm ]Dh^ l3 l ) 
-V, (V,/^ - h^DhVv 1 - [h^ - hV km hV lm }DhV k3 l ) 



(52) 



(53) 



1 
2 

+ 



(54) 

v fe (mw,/ - h^Dh^ 1 - h^ k t Dh^ t3 l - [h^\ - h^ km h^ lrn ]Dh^ l3 l 

[hV km hV lm + hW km hM lm - hV km hV m n hV ln ]DhV l3 l ) 

13 



\ (Dh^DhMj + Dh^ l3 k Dh^ k ! - 2D*<V^ ( V + Dh^DhK 

ij km Utl ij Ull mk 

nifl) "tWI^ 



+\ (hWjiK) (Dh^Dh^V - DhV^Dh® 
+ l -h^\ (2Dh%rDhW j}m l - DhWjDhVJ" - Dh^Dh^J 
(2Dh^ K rDh^ 3)n ! - Dh^Dh^knT - DhPtTDhPj 



(55) 



C The Dirichlet obstructions in higher dimensions 

Following the procedure explained in section^ we present in this appendix the obstructions 
in higher dimension. We employ the Ricci expansion coefficients R^ n 'ij defined in the 
previous Appendix. 

For n = 1 the six-dimensional (d = 6) obstruction is given by the tensor 

i 6 z% = (2h<n u h<n u - V'/VU) m - 16*< S V<V + VU« - fc 

+2h^h^ tJ + 2l 2 R^ %J + (d - 6) (-^(^V + hW kl hW a hW jk ) (56) 



For n = 2 we get 

+48^^ V (1)W + UhV> U hW jk hV u - 12hV^hWjhW a hW fl 
+Ql 2 R^ l3 + (d - 8) (-18Zi< W - SZ^VV + 4/i« 
+10/ i ( 2 ) fc( ^ 1 ) i) ,/ i ( 1 ) W -3/ i ( 1 ) fcm / i ( 1 ) m ^W ife / i ( 1 ) j1 ) (57) 
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Finally, for n = 3 the result is 

+72fc< 1 W 4 > w _ 384/1%/$* - 24A% (-4/^ + 2h^ kl h^ kl ) 
-576*%/$* + 288*%/i%/i< 1 > W + m^h^^ji 
-24A«„ (3,(3) _ + + 192^),^),^)- 

+ 192M 2 ) fc ^< 2 ) fc(i ^ 1 > i) , - 192/»< 1 > te /i< 1 >U%/i% 

-96/*« ta /i< 1 >U%/i% + 48/ i w fe ^«' m / i ( 1 ) nm / i «, i / i w„ + 24M*y, 

+(d - 10) (-96/*%/^/ - 84/*%/^/ + 57/i%/i« 
+21M 3 ) , + 44/^^%/*% + 28/|W tt /i V 1 )" 

-37/i« to /i«U%/i% ~ 29*%/i<V - 84/*%/^/ 
+12/l (D fc ^(i)^ /l (i) nm/l (i) fc ^(i) j7 ) (58) 
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